Introduction
In Physics, symmetries are essential concepts used to derive the laws which model nature. Among them, gauge symmetries is widely recognized as central, since they provide the mathematical justification for all four fundamental interactions: electromagnetism and gravity (long range interactions), weak and strong forces (short range interactions) [6] . In Computer Science, cellular automata (CA) constitutes the most established model of computation that accounts for euclidean space. Its origins lies in Physics, where they were first used to model hydrodynamics and multi-body dynamics, and are now commonly used to model particles or waves. Combining gauge symmetries and CA is expected to benefit both fields. On the one hand it helps implement discrete systems to simulate physics. On the other hand it brings to Computer Science a new symmetry which could find its application in multiple domains such as calculability and error correction.
The implementation of gauge symmetries in CA has been recently studied in a particular case called abelian gauge symmetries [3] . In this paper, we provide a generalization to non-abelian gauge symmetries in CA. Although only the one-dimensional CA is considered, the generalization of definitions and properties to an n-dimensional CA is quite straightforward.
From a Physics perspective, the generalization to non-abelian gauge symmetries pave the way for the simulation of phenomena that cannot be represented using only abelian gauge symmetries. It also allows for a better understanding of the underlying concepts in gauge symmetries. From a Computer Science perspective, this generalization presents a framework of study, for gauge symmetries in CA, that is both more precise and formal.
The paper is organized as follows. Sec. 2 is a reformulation in a more general framework of the definitions and procedure defined in [3] regarding gauge-invariance in CA. This section gives the context and notations that shall be used in the rest of the paper. In Sec. 3, a complete example of non-abelian gauge-invariant CA is given through the application of a gauging procedure. It provides an example of the route one may take in order to get a gauge-invariant CA starting from one that does not implement the symmetry. Sec. 4 discusses the equivalence of theories. This section also develops the notion of invariant sets which is a useful tool for the study of gauge-invariance in CA. In Sec. 5 we summarize, provide related works and perspectives.
Gauge-invariance
Theory to be gauged. In this paper, theories stands for CA. We start from a theory R, which state space is Σ and local rule is λ R . We denote by ψ x,t the state of the cell at position x and time t. ψ t denotes a configuration which is a function from Z into Σ that gives a state for each position x. As a running example, we pick possibly the simplest and most nature physics-like reversible CA (RCA) : one that has particles moving left and right. More precisely, in this example Σ = {0, ..., N } 2 , therefore, we can write ψ x,t = (ψ l x,t , ψ r x,t ) where the exponents l and r denotes the left and right parts, each being an element of {0, ..., N }. The local rule λ R takes the left sub-cell (i.e. ψ l ) to the left, and the right sub-cell to the right:
Such a CA is said to be expressed in the block-circuit form which is often referred as the (Margolus-)Partitioned CA in Computer Science vocabulary [8] , or Lattice-gas automata in Physics [11] . Fig-1 gives an example of this dynamics for N = 2 (where the three colors represent the three possible states), and Fig-2 present the conventions used. This theory R is said to be gauged because it may not yet implement the gauge symmetry, which is a local invariance under a group of operators called gauge transformations. This symmetry is implemented through a gauging procedure.
Gauge transformations. The gauge symmetry is an invariance of the evolution under a gauge transformation. What we call a gauge transformation is based on a local set Γ of operators acting on the state space Σ. A gauge transformation is the application, onto the state of each cell in a configuration, of one of the operators of Γ . More formally, for each cell is attributed an element of Γ . For the cell at position x this element is denoted γ x , and a gauge transformation is the following application that maps a configuration to another configuration by applying the corresponding element of Γ at each position:
The notationγ will be used for a gauge transformation over a full configuration with Γ ∼ = Γ Z the set of those gauge transformations.
Gauge-invariance. A theory R will be said gauge-invariant if its evolution is impervious to gauge-transformations. In other words, applying a gauge transformationγ followed by the evolution R, should amount to the same as applying the evolution R directly. What is meant by should amount to the same is that both outputs need to be the same, up to a gauge-transformationγ ′ . Given that the evolution R is deterministic, we will also impose forγ ′ to be determined byγ through a theory Z which only depends on R. The requirement for Z to be a theory -i.e. a CA -comes from the fact thatγ is a configuration in itself with Γ as state space. Moreover the evolution R is locally defined through λ R which reinforce the soundness of locality for Z. After those consideration, gauge-invariance can be defined as follows which is a reformulation from [3] :
Definition 1 (Gauge-invariance). A theory T is gauge-invariant if and only if there exists Z a theory such that for allγ ∈Γ
Gauging procedure. The initial theory R might not be gauge-invariant. In order to keep the same dynamics while having a theory that is gauge-invariant we apply a gauging procedure, which is strongly inspired by Physics. The main idea is to introduce new information, called the gauge field, at each point in space-time. We denote this gauge field by A, and the gauging procedure consists in transforming the theory R into an A-dependant theory R A that features gauge-invariance which will in turn imply that the gauge field shall change under a gauge transformation. Therefore, gauge-invariance, shall be redefined for theories that depend on an external field. In order to keep the notations simple, we will writeγ(A) for the gauge transformation of the gauge field A.
Even though the gauge field may not transform the same way as the initial configuration, the context shall be enough to lift the ambiguity.
Definition 2 (Inhomogeneous gauge-invariance).
A theory T • is inhomogeneous gaugeinvariant if and only if there exists Z a theory such that for allγ ∈Γ ,
The gauge transformation of the gauge field -i.e.γ(A) -will then be constrained (and potentially fully determined) by the inhomogeneous gauge-invariance requirement for the theory R A . An example is given in Sec.3.
Having determined such gauge transformation, the final step of the gauging procedure is to give a dynamics to the gauge field. This dynamics, put together with R A shall give a global theory T that verifies the gauge-invariance condition (2) . Again, an example is given in Sec.3.
All-in-all, the gauging procedure can be resumed in these four steps which we will use as a basis for the rest of the paper :
1. Start with a theory to be gauged R and a set of gauge transformationsΓ . 2. Introduce the gauge field A, transform R into R A . 3. Defineγ(A) through the requirement that R A verifies condition (3). 4. Give a dynamics to A in order to define a global theory T .
The first two steps are free for the user/experimentalist to choose according to the system studied. The third step however is mostly determined by the gauge-invariance condition. Finally, the degree of freedom left in the last step is not well characterized yet.
Non-abelian gauge-invariance
In gauge theories, the term abelian or non-abelian refers to the set Γ of operations on the state set Σ, or equivalently to the set of gauge-transformationsΓ . In physics, abelian gauge theories give rise to electromagnetism, while non-abelian gauge-theories -also referred as Yang-Mills theories -allows for the formulation of the whole standard model -namely the electromagnetic, weak and strong interactions -as well as gravitation to some extent, and are therefore much more general. Although it is referred as non-abelian, it also accounts for the abelian case and can be considered a generalization of it.
The gauging procedure does not change in its essence since it does not depend on the specific properties of the setΓ . In this section, we will produce a complete example of a non-abelian gauge-invariant CA by applying the gauging procedure.
Back to the running example.
Step 1. We start from a theory R, with local rule λ R given in Eq.(1). The local rule has a matrix representation :
with I the identity. In order to have as simple an example as possible, we choose N = 2 (the case N = 1 is abelian when using the same definitions), thus Σ = {0, 1, 2} 2 . The set Γ is defined in the same way as in [3] , i.e. the operators γ ∈ Γ act identically on both elements of Σ. More formally, we denote by S(N ) the set of permutations over {0, ..., N − 1}, and we define Γ :
The notation γ s will denote the unique permutation in S(N ) associated to a local transformation γ ∈ Γ .
Step 2. This step introduces a gauge field A and give the A-dependent rule R A . In our example, the gauge field A is defined at every half-integer space position (and every time step). This definition is physics-inspired and corresponds to the convention used in [2] . A takes its value in S(3) the set of permutations over 3 elements. The theory then transforms into R A with local rule at the space-time position (x, t) :
The evolution described by Eq.(1) becomes :
= λ
The local rule λ RA is represented in Fig-3 . The way R A depends on the gauge field and the definition of the gauge field itself is motivated through the fact that A can be made to cancel any gauge-transformation done on the input.
Step 3. The gauge transformation of the gauge field A is dictated by the condition (2). Such condition can be developed locally due to the locality of the theory and of the gauge transformation. It gives : there exists Z a theory such that for allγ ∈Γ and
Replacing the local rule by its expression gives the following equation:
This equation is equivalent to the following system
Such a system gives an information and a constraint. First, the gauge transformation of the gauge field A is given explicitly, which was the main objective. Second, it put some constraints over Z. In order to satisfy both those equations, whatever A andγ is given as an input, the choice of Z is limited. One solution, which may not be the only one, is to choose Z(γ) =γ for anyγ ∈Γ -i.e. Z is taken to be the identity, which is a valid theory. Such choice can be motivated from two separate points of view. First, it is the simplest choice of dynamics possible. Second, it strongly resembles the recent paper [2] which gives a quantum CA for one-dimensional QED (quantum electrodynamics) and uses the identity as well for Z.
In the end, the gauge-transformation of the gauge field A reads, for x an half-integer:
Step 4. After applying those three steps, we obtain an inhomogeneous gauge-invariant CA R A , with regards to a specific Z andΓ . The last step is to give dynamics to the gauge field A in order to obtain a complete gauge-invariant theory T that acts on both ψ and A combined -i.e. over the state space Σ × S(N ). The usual route is to produce an inhomogeneous gauge-invariant theory S ψ , with regards to the same Γ and Z, that acts on A and may depend on ψ. Then combining R A and S ψ , which are both inhomogeneous gauge-invariant, will give a gauge-invariant theory T with regards to Γ and Z.
The gauge-invariance condition with regards to Γ and ψ strongly constrains S ψ . To define such an S ψ , one shall write the gauge-invariance condition (3) and use the gauge-transformation of the gauge field (4). There is not a canonical way to define S ψ to the knowledge of the authors, however, by construction, the running example presents a simple solution which is the identity. The inhomogeneous gauge-invariance can be verified easily (because Z is the identity here) through the local version of condition (3): for all x ∈ Z andγ ∈Γ
with I the identity.
Combining R A with S ψ = I, gives a gauge-invariant theory T with local rule λ T as follows: for any spacetime position x, t,
where the time index apply to every element of the vector. This rule is illustrated in Fig-4 . The example is now a non-abelian gauge-invariant cellular automaton and was built based on the gauging procedure. Having developed one theory, other questions arise. Are there other gauge-invariant CA that give rise to the same dynamics as T ? Can we characterize those equivalent dynamics ?
Equivalence and invariant sets
Before going further, we need to introduce some notations. We will call c a spacetime diagram if it has value not only over space but also over time -i.e. c x,t is defined for any x ∈ Z and any t ≥ 0. Then a spacetime diagram c is said T -valid if it is produced by applying the local rule λ T .
Having a set of gauge transformations Γ , multiple theories using the same state space might lead to similar dynamics with regards to Γ . In order to properly define what similar dynamics means, we define the equivalence of two theories.
Fig . 5 . Example of the complete theory . An empty circle for A represent the identity while a full circle represents the transposition between white and black (leaving invariant the gray). Wherever the gauge field is the identity, the dynamics of ψ are not impacted, but where A is not the identity (full circle), it acts as follows: it exchanges the value of black and white for every wire that crosses its position. For instance at position x + 1/2, the input coming from x + 1 is swapped from black to white.
Definition 3 (Equivalence of two theories). Let T and T ′ be two theories andΓ a set of gauge transformations. T is said equivalent to T ′ with regards toΓ if for all configuration c there existsγ,γ
We denote the equivalence as T ≡ T ′ .
Thus T ≡ T ′ if and only if they give rise to the same dynamics up to a gauge transformation.
T is gauge-invariant with regards to a specific Z. Adding some constraints on Z and Γ , one may characterize the equivalence of two theories using different quantifiers and constraints which may be useful for some specific problems.
Proposition 1 (Characterization of equivalence of theories). Let T and T ′ be two theories with regards to Z and Z ′ (respectively) and with a group of gauge transformationΓ . If Z is reversible, then the following three statements are equivalent
Proof. We shall prove the equivalence through three implications.
-The fact that (3) implies (1) is immediate.
-Suppose (1), then for c a configuration, we haveγ,γ
But sinceΓ is a group, it implies that T (c) =γ
•γ is an element ofΓ therefore we have proven that (1) implies (2).
-Suppose (2), let c be a configuration and takeγ ∈Γ such that T (c) = T ′ •γ(c).
And writinḡ γ 2 = Z(γ 3 ) −1 which is inΓ , we conclude that (2) implies (3).
⊓ ⊔
Invariant.Γ defines a set of transformations over the set of configurations. For a theory that is gauge-invariant, equivalent configurations with regards toΓ should lead to equivalent configuration after the evolution. Therefore, one may say that such theory acts directly over the sets of configurations that are invariant byΓ . Formally, for Σ the state space of the CA and ψ ∈ Σ, we shall write I ψ for the invariant set that contains ψ:
If Γ is closed under the inverse, which was the case in the running example, there is an immediate equivalence between the following two statements, with ψ and ψ ′ two configurations:
Then a gauge-invariant theory is in fact a theory over the invariant sets. However, for a theory that is inhomogeneous gauge-invariant this is true only if the invariant sets are considered for both the initial set and the external field -e.g. for the theory R A , the invariant sets shall be considered over (ψ, A) together and not only ψ. This is quite straightforward since not considering A amounts to removing the inhomogeneous gauge-invariance.
However, to be more subtle, it is not enough to consider the invariant sets for ψ and A separately -i.e. the invariant set for (ψ, A) is not the concatenation of the invariant set of ψ with that of A because a gauge-transformation acts on both ψ and A simultaneously. This can be seen with a simple example given Fig-6 , using Σ = {0, 1} 2 for simplicity (i.e. abelian case). It starts with both sides having the exact same ψ but two different gauge fields related by a gauge-transformation. Here the gauge-transformation applied on A is the identity everywhere except at position x for which γ s is the only permutation of two elements. This means the invariant sets of A on both sides are identical, idem for ψ. After a time step however, the invariant sets for ψ are not identical on both sides which means that we cannot consider ψ and A separately when looking at the invariant sets. This problem does not appear while considering the invariant set for the couple (ψ, A) directly because the global rule is gauge-invariant.
Conclusion
Summary. In this paper, we generalized and reformulated our former work [3] to the non-abelian gauge-invariance. The first step was to add formalism so that the definitions of gauge-invariance in CA were reformulated to take into account the non-abelian case. The gauging procedure was then made explicit and developed into an example : starting from a theory to be gauged and a set of gauge transformation, we introduced a gauge field onto which the theory was made dependant; the gauge transformation of this field was made explicit through the constraint induced by the gauge-invariance condition; finally a theory for the gauge field was developed in order to have a complete gauge-invariant theory over both the initial configuration and the gauge field. The gauging procedure provides a guide, but one may come up with two theories and want to know if they are in fact the same up to a gauge transformation, thus the equivalence of theories was formalized and characterized. Finally, configuration that are related by a gauge-transformations were regrouped into sets, called invariant sets, and their link with gauge-invariant CA was discussed.
Perspectives and related works. Since gauge-invariance comes from Physics, the first extension of this model would be a non-abelian gauge-invariant quantum CA (QCA). The abelian case has already been done [2] , and the non-abelian case was also studied on a specific version of QCA called quantum walk [1] , therefore this extension seems promising. In the field of quantum computation, gauge-invariance is already mentioned for quantum error correction codes [4, 5] which can be understood through the redundancy inherent to gauge-invariant theories. The study of gauge-invariance in CA can therefore be related to questions of error correction for spatially-distributed computation models [9, 10] . Finally, gauge-invariance brings another symmetry to CA, which may be interesting to study for itself just like color-blind CA [7] which is a closely-related symmetry.
